Abstract. We examine canonical bases for weakly holomorphic modular forms of weight 0 and level p = 2, 3, 5, 7, 13 with poles only at the cusp at ∞. We show that many of the Fourier coefficients for elements of these canonical bases are divisible by high powers of p, extending results of the first author and Andersen. Additionally, we prove similar congruences for elements of a canonical basis for the space of modular functions of level 4, and give congruences modulo arbitrary primes for coefficients of such modular functions in levels 1, 2, 3, 4, 5, 7, and 13.
Introduction and Statement of Results
A holomorphic modular form of level N and weight k is a function f (z) which is holomorphic on the complex upper half-plane, satisfies the modular equation
and is holomorphic at the cusps of Γ 0 (N). Here, as usual,
If f (z) is meromorphic at the cusps of Γ 0 (N), then we say f is a weakly holomorphic modular form; additionally, if f is weakly holomorphic of weight zero, we say f is a level N modular function. We denote by M k (N) the space of holomorphic level N modular forms and by M ! k (N) the space of weakly holomorphic modular forms of level N. As a subspace of M ! k (N), we define the space M ♯ k (N) to be the space of all modular forms of weight k and level N which are holomorphic except possibly at the cusp at ∞.
Every modular form has a Fourier expansion f (z) = ∞ n=n 0 a(n)q n , where q = e 2πiz ; the coefficients a(n) often encode arithmetic information and have been widely studied. As an example, the classical j-invariant j(z) = q −1 + c(n)q n is a modular function for SL 2 (Z). In 1949, Lehner proved [14] , [15] that its Fourier coefficients c(n) satisfy the congruence c(2
showing that many of the coefficients c(n) are divisible by large powers of small primes. Kolberg [12] 
Suppose that m = p α m ′ and n = p β n ′ with (m ′ , p) = 1 and (n ′ , p) = 1. Then for β > α, we have
Since this theorem gives congruences only for β > α, it is a natural question whether similar congruences hold for the other coefficients. A quick glance at f
For these first few coefficients, α = 2 and β < α, so the hypotheses of the theorem are not satisfied. Yet
From this and other examples, it appears that when α > β, the corresponding coefficients are also divisible by high powers of p. The main result of this paper confirms this observation.
We remark that Theorem 1 includes a congruence for p = 13, while, as noted in [3] , for β > α the analogous result is a trivial congruence modulo 13 0(β−α) . Additionally, we note that the theorem makes no divisibility predictions when α = β.
When such a canonical basis is defined for M ♯ 0 (4), similar congruences hold, giving the following theorem.
0 (m, n)q n be a weakly holomorphic modular form in
This result follows from a natural relationship between the canonical bases for M ♯ 0 (4) and M ♯ 0 (2). From these theorems, it is clear that many of the coefficients of these canonical bases are divisible by high powers of primes which divide the level. It is a natural question whether congruences exist modulo powers of primes not dividing the level. For example, consider the following modular form of level 7:
It is easy to see that each of the coefficients except that of q 5 is divisible by 5. We prove the following theorem, which holds for any prime p not dividing the level.
where N ∈ {1, 2, 3, 4, 5, 7, 13}. Let p be a prime not dividing N, and let r ∈ Z + . If p ∤ n, we have
This result and its proof are analogous to similar divisibility results for the weights k ∈ {4, 6, 8, 10, 14} appearing in [7] . The rest of the paper now proceeds as follows: in Section 2, we explicitly construct canonical bases for M ♯ 0 (p) and present some necessary background; Section 3 proves Theorem 1; Section 4 describes the space M ♯ 0 (4) and proves Theorem 2; Section 5 contains the proof of Theorem 3.
Background and Canonical Bases
For p ∈ {2, 3, 5, 7, 13}, the congruence subgroup Γ 0 (p) has genus zero, and the space M ! 0 (p) is generated by powers of a single modular function known as a Hauptmodul. A convenient Hauptmodul for Γ 0 (p) is given by
where η(z) is the Dedekind eta function. The modular form ψ (p) (z) is a modular function on Γ 0 (p) with a simple pole at ∞ and a simple zero at 0; its Fourier coefficients are integers.
We define a canonical basis {f 
so that a 0 (m, n) is the Fourier coefficient of q n in the mth basis element. We note that this is an extension of the basis given in [6] for M 0 (p), and that similar bases can be defined for M ♯ k (p) for any even weight k. In all weights, these bases consist of forms f (p) k,m (z) whose first few Fourier coefficients are 1, 0, . . . , 0, with the number of zeros as large as possible. Thus, we have f
A similar construction gives a basis {g
k,m (z)} for the subspace of M ♯ k (p) consisting of forms which vanish at all cusps except possibly at ∞. These g
We note that in weight 0, the only difference between these bases is the constant term, so we have
0 (m, n) if n = 0. We additionally recall that for a prime p, the U p and V p operators (see [4] ) are defined as follows: for a modular form f (z) =
If p|N, then we actually have
and a prime p ∤ N, the action of the standard Hecke operator T p is given by
We also make use of the Ramanujan theta operator [2] , which acts on a modular form f (z) by the rule
The theta operator maps a modular form of level k to a quasi-modular form of weight k + 2; it preserves holomorphicity but not modularity.
Proof of Theorem 1
We begin the proof of Theorem 1 with the following Zagier-type duality result for the Fourier coefficients of the basis elements f k,m (z). This was proven in [9] for levels 2 and 3; it follows from work of El-Guindy [8] , which allows for easy extension to levels 5, 7, and 13 as well.
Lemma. Let k be an even integer and let p ∈ {2, 3, 5, 7, 13}. For all integers m and n, the equality a 2−k,n .
We will also use the following result, which is a special case of Theorem 1.1 in the paper [5] of Bruinier, Ono, and Rhoades.
This follows from Bol's identity and the fact that M Looking at the action of the θ-operator on the Fourier coefficients of these functions, it follows that a 0 (m, n) = −m n a 2 (m, n). We now prove the main theorem, which we restate here for convenience.
Theorem. Let p ∈ {2, 3, 5, 7, 13} and let f
) be an element of the basis described previously with m = p α m ′ and n = p β n ′ with m ′ , n ′ not divisible by p. Then for α > β, we have
be any coefficient where α > β. Looking at the coefficient of q n in Corollary 1, we have na
2 (m, n). On the other hand, using Zagier duality and equation (2.1), we have a
0 (n, m). Note that all coefficients are integers here. Recall that a (p) 0 (n, m) represents the coefficient of q m in the weight zero basis element starting with q −n . Since α > β, a higher power of p divides the exponent than divides the order of the pole, and we can apply Theorem 2 of [3] . For instance, for p = 2 we find that 2
0 (n, m), and we multiply this by an extra factor of 2 α−β . Therefore, we have 2
0 (m, n), as desired. The argument for p = 3, 5, 7, 13 is similar.
To illustrate these results, the first four basis elements for
, and note that V 2 U 2 acts as the identity on f (4) 0,2m (z) (see section 3 of [11] ). Since V 2 (f (2) 0,m (z)) is also a modular form in M ♯ 0 (4) with principal part q −2m , the difference
is a modular form in M ♯ k (4) which vanishes at ∞ and must therefore be zero. The first result follows.
To see that U 2 (f
k,2m+1 (z)) = 0, note that the order of the pole is odd, so all of the nonzero exponents are in the Fourier expansion are odd. Applying U 2 , all of the terms vanish.
We now prove Theorem 2.
0 (m, n)q n ∈ M ♯ 0 (4) be an element of the canonical basis. Suppose that m = 2 α m ′ and n = 2 β n ′ with m ′ and n ′ odd. Then for α = β, we have
. By Theorem 4, we know that f
0,m (z). Looking at coefficients, we find that
for any odd m ′ , n ′ and any α, β ≥ 1. By Theorem 1, we know that for α > β, we have the congruence
giving the first result. Similarly, when β > α, we know by Theorem 2 in [3] that
giving the second part.
We note that this theorem applies only when m is even, since when m is odd, all of the exponents appearing in f (4) 0,m (z) are also odd.
Arbitrary Primes
Theorem 3 will follow from the following result. 
Proof. We proceed as in Lemma 1 of [7] . Applying the T p operator to the basis element f (N ) 0,m (z) and using (2.2), we find that the coefficient of
). Additionally, applying (2.2) to the q −m term allows us to conclude that
, where the second term is omitted if p ∤ m. A straightforward calculation similar to that in section 3 of [11] shows that T p also preserves the space M Thus, the coefficient of q n is also given by p −1 a Multiplying by p r and rearranging proves the lemma.
We remark that this lemma relies only on the existence of the canonical basis and the fact that the T p operator preserves the space M ♯ k (N). Theorem 3 now follows from this lemma, noting that if p ∤ n, then a (N ) 0 (mp r−1 , n/p) = 0.
